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In this paper, we numerically study the magnetic transport properties of disordered Weyl semimet-
als (WSM) in the ultra-quantum limit. We find a positive magnetic conductivity for the long-range
disorder, although the system tends to have negative magnetic conductivity for the weak short-
range disorder. Remarkably, for long-range disorder, such a positive magnetic conductivity cannot
be described by the semiclassical Boltzmann transport theory even in the weak disorder limit,
and the back-scattering assisted by the high Landau levels is always important. Our results have
significant implications for the positive magnetic conductivity recently discovered in the WSM sys-
tems, and point out two physical mechanisms: (i) the long-range correlated disorder suppresses the
back-scattering among the zeroth Landau level modes; (ii) with increasing the magnetic field, the
back-scattering assisted by the high Landau levels will also be suppressed.
PACS numbers: 03.65.Vf, 71.90.+q, 73.43.-f,75.47.-m
I. INTRODUCTION
Topological semimetals are novel states of quantum
matter with the gapless bulk states and the nontrival sur-
face states. Weyl semimetals (WSMs) are the most cele-
brated ones which have attracted considerable attention
recently.1–9 They haveWeyl nodes (linear touching points
of conduction and valence bands) in the bulk, and Fermi
arcs on the surface.1–3 The WSM phase has been the-
oretically predicted in the pyrochlore iridates A2Ir2O7,
the magnetic topological insulator multilayers, as well as
noncentrosymmetric transition-metal monophosphides in
condensed matter physics.2–7 Now, the WSM has been
realized in TaAs family materials.8,9
The chiral anomaly is one of the most attractive mag-
netic transport features in the WSMs.10,11 When the
magnetic field and electric field are both parallel to a
pair of Weyl nodes, the charge will pump from one
Weyl node to the other resulting in non-conservation
of chiral charges.11 As a consequence, the magnetic
transport properties provide the vital information for
the chiral anomaly. Currently, there is a number of
theoretic and experimental researches on the magnetic
transport behaviors in the WSM and Dirac-semimetal
materials.12–26 The chiral anomaly is related to the
B2 positive magnetic conductivity of the WSMs for a
weak magnetic field B,13,15,20 which may have been ob-
served experimentally.21–26 On the other hand, there is
strong dispute about relation between the chiral anomaly
and the magnetic conductivity for a strong magnetic
field.16–19 However, most of the current theoretical stud-
ies are based on the semiclassical transport theory or the
perturbation theory. The exact numerical investigations
of the magnetic transport properties of the WSMs are
desirable.
In this paper, we numerically study the magnetic
transport properties of the disordered WSMs under a
strong magnetic field B along the Weyl nodes. We in-
vestigate both cases with the short-range and long-range
disorders, because of their strike differences in inter-node
scattering and Landau levels broadening behaviors.27,28
For the weak short-range disorder, the system exhibits
a negative magnetic conductivity for the zeroth Landau
level, consistent to the semiclassical Boltzmann trans-
port theory. On the other hand, for the long-range dis-
order, we discover a positive magnetic conductivity. Re-
markably, because the long-range disorder can suppress
the inter-node scattering and give rise to a finite Lan-
dau level broadening, the high Landau levels (HLLs) as-
sisted transport are dominant even under a weak disorder
and the Boltzmann transport theory for the zeroth Lan-
dau level is not applicable. We find that the positive
magnetic conductivity origins from two physical mech-
anisms. (i) In the presence of the long-range correlated
disorder, the scattering among the highly degenerated ze-
roth Landau level modes are suppressed in the ultra-high
magnetic field. (ii) The HLLs-assisted backscattering de-
creases with an increasing magnetic field.
The rest of the paper is organized as follows. In Sec.II,
we introduce a disordered WSM Hamiltonian under the
magnetic field and then give the details of our numerical
methods. In Sec. III, we provide a semiclassical Boltz-
mann transport theory of the magnetic WSMs and give
the magnetic conductivity of the zeroth Landau level.
In Sec. IV, we show the numerical results of magnetic
transport properties of the WSMs. In Sec. V, a brief
discussion and summary are present.
II. MODEL HAMILTONIAN AND METHODS
We consider a two-band model WSM Hamiltonian
written as3,17,29
H0 = ∆zσz + vkxσx + vkyσy, (1)
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FIG. 1: (Color online). The dispersion of the Weyl-semimetal
Hamiltonian at the different phases (a) φ = 0, and (b) φ =
pi/30, respectively. In (b), the ±1st Landau levels and 0th
Landau level are labeled by bold lines. The model parameters
are tz = m0 = v = 1 and mz = 0, with the Weyl nodes at
k0z = ±pi/2. The Fermi energy EF = −0.2 is labeled by the
blue dashed line. The phase φ is in the unit of φ0 = ~/e.
with ∆z = (tz −mz)− tzk2z/2−m0(k2x + k2y)/2. Here v,
tz, mz, m0 are model parameters, and σx,y,z are Pauli
matrices. The energy spectrum is
Ek = ±
√
∆2z + (vkx)
2 + (vky)2
and there are two (gapless) Weyl nodes at (k0x, k
0
y,±k0z) =
(0, 0,±
√
2− 2mz/tz), if mz/tz < 1. In the presence of a
magnetic field along z direction, the magnetic Hamilto-
nian can be obtained by the Pierls substitution
H0 = Mzσz − m0
2
[(kx − eBy/~)2 + k2y]σz
+v(kx − eBy/~)σx + vkyσy (2)
with a magnetic field B. The zeroth Landau level energy
is
E0kz = (mz − tz) +
tz
2
k2z +
m0
2l2B
(3)
and ±nth Landau level energies are
E±nkz =
m0
2l2B
±
√
2nv2
l2B
+ (
nm0
l2B
−Mz)2 (4)
with Mz = (tz −mz) − tzk2z/2 and the magnetic length
lB =
√
~/eB.
Now, the clean magnetic Hamiltonian H0 can be dis-
cretized into a cubic lattice,30 resulting
HB =
∑
n
−ψ†n(mz + 2m0)σzψn + {ψ†n
tz
2
σzψn+zˆ
+ψ†n(
m0
2
σz − iv
2
σx) exp(iφn,n+xˆ)ψn+xˆ
+ψ†n(
m0
2
σz − iv
2
σy)ψn+yˆ}+ h.c. (5)
where the phase φn,m =
∫m
n A · dl/φ0 with the vector
potential A = (−By, 0, 0) and φ0 = ~/e. xˆ (yˆ, zˆ) is unit
vector in x (y, z) direction. ψ†n = (ϕ
†
n,↑, ϕ
†
n↓) creates a
spin-(↑,↓) electron at the nth site. The lattice constant
is set as a = 1. Then we add an anisotropic long-range
disorder potential V (r) to the discretized Hamiltonian
HB, and the disordered magnetic Hamiltonian becomes
H = HB + V (r)I2×2 (6)
with
V (r) =
n∑
i=1
Vi exp[−
(r‖ − ri‖)2
2ξ2‖
− (rz − riz)
2
2ξ2z
]
∑n
i=1 sums over n impurities randomly located among N
lattices at {r1, r2, ...rn} with ri = (r‖, rz) and Vi is uni-
formly distributed in [−W/2,W/2] with W the disorder
strength.31,32 We define the impurity density ni = n/N
for convenience. The impurity potential ranges in x-y
plane and z direction are ξ‖ and ξz , respectively. When
ξ‖ = ξz , V (r) recovers the isotropic longed-range disor-
der potential and it is reduced to short-range (Anderson)
disorder if ξ‖ = ξz → 0.
In our numerical calculations, we first study the two-
terminal conductance of the sample (in z direction) with
the periodical boundary condition in the x and y direc-
tions. The system consists of a disordered central re-
gion sized Lx × Ly × Lz coupling to two clean semi-
infinite leads. The intrinsic conductance is given by
G = [G−1LB −N−1]−1 with N the number of modes in the
leads and the Landauer-Bu¨ttiker conductivity GLB.
32–34
GLB is evaluated by Landauer-Bu¨ttiker formula GLB =
e2/hTr[ΓLG
rΓRG
a],35 where Gr(EF ) = [G
a(EF )]
† =
[EF − Hcen −
∑
n=L,RΣn]
−1 is the retarded/advanced
Green’s function and ΓL/R = i(Σ
r
L/R−ΣaL/R) with Hcen
the Hamiltonian of the central region and Σn=L,R the
self-energy of the left/right lead. For convenience, we
define the intrinsic conductivity as σ = G LzLxLy . We also
investigate the density of states N(E) = 1N
∑N
n=1 δ(E −
En) correspondingly by the kernel polynomial method,
36
where En is the nth eigenvalue of the N × N disor-
dered Hamiltonian matrix. The model parameters are
tz = m0 = v = 1 and mz = 0. The magnetic field B
is expressed in terms of the magnetic phase φ = Ba2/φ0
with φ0 = ~/e and the lattice constant a = 1. The Fermi
energy are fixed at EF = −0.2 in our numerical simula-
tions.
III. SEMICLASSICAL BOLTZMANN
TRANSPORT THEORY
Before turn to numerical simulations, we first inves-
tigate magneto-conductivity of the zeroth Landau level
by the semiclassical Boltzmann transport theory in the
ultra-quantum limit. In presence of a strong magnetic
3field along z-direction, the system has highly degener-
ated modes along z-direction for each Landau level [see
Fig. 1(b)]. Under the relaxation time approximation of
the linearized Boltzmann equation,37 the conductivity
can be evaluated by
σ(EF ) = e
2N0(EF )v
2
F τ(kF ), (7)
and agrees with Einstein relation with the one-
dimensional diffusion constant D = v2F τ(kF ). Here
τ(kF ) is the transport lifetime at Fermi vector kF , vF =√
2tz[EF + tz −mz −m0/(2l2B)]/~ is the Fermi velocity
along z direction, and N0(EF ) = 1/(2pi
2
~vF l
2
B) is the
density of states of the clean system at the Fermi sur-
face. It is worth noting that, for fixed Fermi energy EF ,
the Fermi velocity vF decreases with the magnetic field
B, while the density of states N0(EF ) increases with B.
Now the transport lifetime is give by
1
τ
=
2pi
~
∑
k′x,k
′
z
Wkx,kz;k′x,k′zδ(E0kz − E0k′z )(1 − cos θkz ,k′z)
where cos θkz ,k′z =
kzk
′
z
|kz||k′z|
and Wkx,kz ;k′x,k′z =
〈|〈kz , kx, 0|V (r)|0, k′x, k′z〉|2〉 with |0, kx, kz〉 eigenvector of
the zeroth Landau level, V (r) the disorder potential and
〈...〉 averaging over the different disorder configurations.
In the following, we will consider the conductivity and
the transport lifetime for different types of disorder.
(i) For the short-range disorder 〈V (r1)V (r2)〉 =
W 2
12 δ(r1− r2), the inverse transport lifetime and the con-
ductivity are given by
1
τ
=
W 2
12
1
pi~2vF (B)l2B
(8)
σ =
e2
h
12~2
W 2
v2F (B) (9)
where the magnetic length lB =
√
~/eB and vF is the
Fermi velocity. W is the disorder strength and 〈...〉
averages over different disorder configurations. Since
vF decreases with B, the magnetic conductivity
dσ
dB is
negative17.
(ii-a) For the long-range disorder 〈V (r1)V (r2)〉 =
W 2
12a3ni exp{−
(r1‖−r2‖)
2
2ξ2
‖
− (r1z−r2z)22ξ2z }, τ and σ are given
by
1
τ
=
W 2ηeff
12
exp(−2k2F ξ2z)
pi~2vF
1
ξ2|| + l
2
B
(10)
σ =
e2
h
12~2v2F
W 2ηeff
exp(2k2F ξ
2
z )
ξ2‖ + l
2
B
l2B
(11)
where ξ|| and ξz are potential correlated length in x-y
plane and z-direction, respectively. ni is the impurities
density and ηeff = ni2pi
√
2piξ2||ξz/a
3 with the lattice con-
stant a = 1.
(ii-b) For the anisotropic disorder 〈V (r1)V (r2)〉 =
W 2ni
12a2 exp[−
(r1‖−r2‖)
2
2ξ2
‖
]δ(r1z − r2z), τ and σ are
1
τ
=
W 2ηeff
12
1
pi~2vF
1
ξ2|| + l
2
B
, (12)
σ =
e2
h
12~2v2F
W 2ηeff
ξ2‖ + l
2
B
l2B
. (13)
where ηeff = ni2piξ
2
||/a
2 and the lattice constant a = 1.
(ii-c) For the anisotropic disorder case 〈V (r1)V (r2)〉=
W 2ni
12a exp[− (r1z−r2z)
2
2ξ2z
]δ(r1‖ − r2‖), τ and σ can be ex-
pressed as
1
τ
=
W 2ηeff
12
exp(−2k2F ξ2z )
pi~2vF
1
l2B
, (14)
σ =
e2
h
12~2v2F
W 2ηeff
exp(2k2F ξ
2
z ). (15)
with ηeff = ni
√
2piξz/a.
Given the same ηeff , the (ii-a) turns into (ii-b) and
(ii-c) if ξz → 0 and ξ‖ → 0, respectively, while (ii-a,b,c)
all become (i) if both ξz → 0 and ξ‖ → 0.
When the disorder is smooth enough in the x-y plane,
i.e. ξ‖ ≫ lB, we find the conductivity σ is determined
by the density of states N0(EF ) = (1/2pi
2
~vF l
2
B), in-
creasing with B [see Eq.(13)]. Because the degenerated
modes in the zeroth Landau level are nearly indepen-
dent, τ becomes approximately independent of B [see
Eq. (12)]. For the smooth disorder along z direction
(ξz ≫ 1/kF ), Eq. (15) indicates that the conductivity
should monotonously decrease with increasing B since
vF decreases with B. However, it is crucial that the
large kz backscattering is suppressed by the damping
factor exp(−2k2F ξ2z ), resulting a long transport lifetime
[see Eq. (14)]. Thus the conductivity should be unreal-
istic large (see Eq.15). In this circumstance, the HLLs-
assisted backscattering could become dominant and thus
the result by Eq.(15) is no longer applicable. As a con-
sequence, although magnetic conductivity is positive in
Eq. (11), the result is not quantitatively accurate and the
HLLs-assisted backscattering is significant.
In the following, we will study the magneto-
conductivity of the system for all four types of the dis-
order. We choose the impurity density ni such that the
system are influenced by the same effective disorder fluc-
tuation.
IV. NUMERICAL RESULTS
Now let’s come to investigate the magnetic transport
properties along z direction numerically.
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FIG. 2: (Color online). The conductance G versus the mag-
netic phase φ at different disorder strength W with (a) long-
range disorder ξ‖ = ξz = 2 and ni = 0.02, and (b) short-range
disorder ξ‖ = ξz = 0.01 and ni = 1, respectively. (c)-(d) plot
conductivity σ = GLz/(LxLy) versus φ with same data as
(a) and (b), respectively. For a given W , the conductivity of
the different sized samples (Lx × Ly × Lz = 20 × 60 × 50,
20 × 60 × 100, and 20 × 60× 200) collapses to one line. The
Fermi energy EF = −0.2 and the phase φ is in the unit of
φ0 = ~/e.
A. Positive Magneto-conductivity
In Fig. 2 (a) and (b), we show the conductance G
versus the magnetic phase φ for the long-range disor-
der (ξ‖ = ξz = 2, ni = 0.02) and short-range disorder
(ξ‖ = ξz = 0.01, ni = 1), respectively. We find that the
conductivity σ of all samples for the different disorder
strengths collapse to one line respectively, justifying the
diffusive transport of the system (for φ 6= 0) [see Fig. 2
(c) and (d)]. In Fig. 2 (c), the conductivity σ first in-
creases and then decreases with the magnetic phase φ for
long-range disorder. According to the above Boltzmann
transport theory, it seems like that the peak of the con-
ductivity σ for the long-range disorder comes from the in-
terplay between the increasing density of states N0(EF )
and the decreasing the Fermi velocity vF with φ. On
the contrary, in Fig. 2 (d), the conductivity σ decreases
monotonously with φ for the short-range disorder, which
comes from the decreasing the Fermi velocity vF with φ
as we discussed in (i) of Sec. III.
In order to verify the semiclassical Boltzmann trans-
port theory, we plot σW 2 against magnetic phase
φ in Fig.3 (a) and (b). Because σW 2(∝ σ/τ =
e2N0(EF )v
2
F ) is independent of the disorder strength W
[see Eq. (9),(11), (13) and (15)], all lines for different
W should merge. In the Fig. 3(b), all lines with dif-
ferent disorder strengths are very close, indicating that
the Boltzmann approximation applies. However, in the
Fig. 3(a), the peak of the conductivity moves to higher
0
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FIG. 3: (Color online). (a)-(b) plot σW 2 against the magnetic
phase φ for (a) the long-range disorder ξ‖ = ξz = 2 and (b)
the short-range disorder ξ‖ = ξz = 0.01, respectively. The
data are the same as those of Fig. 2(a) and (b) with size
20× 60× 100. (c)-(d) the density of states N(EF ) versus the
magnetic phase φ at different disorder strength, corresponding
to two types of disorder of (a) and (b), respectively. The Fermi
energy is set as EF = −0.2 and φ is in the unit of φ0 = ~/e.
magnetic field with increasing disorder strength. Thus
the Boltzmann approximation is strongly violated for the
long-range disorder case. Moreover, we find that the den-
sity of states is strongly deviated from the clean limit
result N0(EF ) for the long-range disorder in Fig. 3(c),
while it is a good approximation from the short range
disorder in Fig. 3(d). The large level broadening for the
long-range disorder also implies that the HLLs-assisted
backscattering becomes important here. Such a larger
level broadening is in consistence with the previous stud-
ies of the strong-field density of states in disordered two-
dimensional electron systems.27,28 As a result, we con-
clude that we find a positive magneto-conductivity for
the long-range disorder case which can not be described
by the semiclassical Boltzmann transport theory. In the
rest of the paper, we will clarify the underlying physical
mechanisms of the positive magneto-conductivity.
B. Mechanisms for Positive Magneto-conductivity
As we emphasized in Sec.III, the isotropic long-range
disorder ( ξz = ξ‖ ) can reduce to two special cases of
anisotropic long-range disorder with ξz → 0 and ξ‖ → 0,
respectively. Therefore, to gain more insight into the
isotropic long-range disorder effect, it is instructive to
study these special cases in (ii-b) and (ii-c).
Next, let us investigate the weak anisotropic long-
range disorder in Fig. 4. In Fig. 4(b), we find a peak
of the conductivity for the weak long-range disorder with
ξ‖ = 2, ξz = 0.01 and ni = 0.08. From the Eq. (13), the
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FIG. 4: (Color online). The conductivity σ of the sample at
different disorder strength with the long-range disorder (a)
ξ‖ = 0.01, ξz = 2 and ni = 0.28, and (b) ξ‖ = 2, ξz = 0.01
and ni = 0.08, respectively. (c) and (d) plot σW
2 against the
magnetic phase φ with same data as (a) and (b), respectively.
(e)-(f) the density of states N(EF ) versus φ at different W
corresponding to two types of anisotropic disorder of (a) and
(b), respectively. The size is 20 × 50 × 100 and the Fermi
energy EF = −0.2.
peak of the conductivity σ comes from the interplay be-
tween the increasing density of states N0(EF ) ∝ 1/l2B
and the decreasing Fermi velocity vF (B). Moreover,
the σW 2 curves nearly merge [see Fig. 4(d)], consistent
with the semiclassical transport theory. On the other
hand, in Fig. 4(a), we find a large conductivity for the
weak long-range disorder (with ξ‖ = 0.01, ξz = 2 and
ni = 0.28). That is because the long-range correlated
disorder in z-direction suppresses the large kz backscat-
tering and thus gives rise to a extremely long transport
lifetime in z-direction. In addition, we find that the
σW 2 curves do not merge in Fig. 4(c), meaning that
the semiclassical theory is not applicable here. The con-
ductivity σ decreases (with W ) more dramatically than
the W−2 order [see the larger W curves far below the
smaller ones in Fig. 4(c) ]. In fact, in Eq. (15), because
the damping factor exp(−2k2F ξ2z ) from Wkx,kF ;k′x,−kF =
〈|〈kF , kx, 0|V (r)|0, k′x,−kF 〉|2〉 strongly suppresses the
direct backscattering |0, kx, kF 〉 → |0, k′x,−kF 〉, the
HLLs-assisted backscattering (|0, kx, kF 〉 → |ν 6=
0, k′x, k
′
z〉 → |0, k′x,−kF 〉) becomes dominating due to the
absence of exponential damping term exp(−2k2F ξ2z). As
a consequence, we conclude that, for the long-range dis-
order in z-direction, the HLLs-assisted backscattering is
now dominating even at the weak disorder.
If we further increase the disorder strength, the dis-
order density of states N(EF ) strongly deviated from
0
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FIG. 5: (Color online). The conductivity σ versus the mag-
netic phase φ at different disorder strength W with the long-
range disorder (a) ξ‖ = 0.01, ξz = 2 and ni = 0.28, and (b)
ξ‖ = 2, ξz = 0.01 and ni = 0.08, respectively. (c) and (d) plot
σW 2 against φ with same data as (a) and (b), respectively.
(e)-(f) the density of states N(EF ) versus the magnetic phase
φ at different disorder strength for two type of anisotropic
disorder corresponding to (a) and (b), respectively. All the
parameters are the same as those of Fig. 4 except the disorder
strength W .
the clean limit value, meaning that the energy level
broadening at the Fermi energy becomes more appar-
ent [see Fig. 5(e) and (f)]. Now, the magnetic conduc-
tivity σ peak (for both types of anisotropic disorder)
moves to a larger magnetic phase φ with increasing W
and σW 2 curves do not merge together [see Fig.5(a)-
(d)]. Therefore, we conclude that when the level broad-
ening at Fermi level is important for the relative strong
disorder strength, the HLLs-assisted scattering plays a
dominant role. In this circumstance, when the Landau
level spacings increase with increasing magnetic phase
φ, the transport lifetime τ increases because the HLLs-
assisted scattering decreases. Then the conductivity
σ = e2N0(EF )v
2
F τ increases with the magnetic phase
φ, because N0(EF ) also increases with φ. Furthermore,
because the HLLs-assisted backscattering (or the trans-
port lifetime τ) is direct related the level broadening (or
the disorder strength W ), it is natural to expect that the
conductivity peak would move to a higher magnetic field
with increasing disorder strength. These results and their
physical mechanisms are similar to those of Fig.2(a) for
the isotropic long-range disorder .
6V. DISCUSSION AND CONCLUSIONS
We have studied transport properties of the WSMs un-
der a strong magnetic field for the short-range and long-
range disorder cases, respectively. The weak short-range
disorder can give rise to a monotonous negative magnetic
conductivity, because the Fermi velocity decreases with
the magnetic field. Remarkably, the magnetic conductiv-
ity for the long-range disorder can be positive. For the
weak long-range correlated disorder in z-direction with,
due to the suppressing of large kz backscattering, the sys-
tem has a very long transport lifetime. In this circum-
stance, the HLLs-assisted backscattering becomes dom-
inant and the Boltzmann transport theory is no longer
applicable. The weak long-range correlated disorder in
x − y plane can lead to a positive magnetic conduc-
tivity directly, which agrees with the Boltzmann trans-
port theory. For the relative strong long-range correlated
disorder, the HLLs-assisted backscattering is dominat-
ing and the system has a conductivity peak moving to-
wards a larger magnetic field with the increasing disorder
strength W . Our results have important implications for
the recent magneto-transport experiments. In the ultra-
quantum limit, the smooth disorder potential can give
rise to a positive magnetic conductivity experimentally
observed in the WSMs. However, such results cannot be
obtained from the semiclassical Boltzmann transport the-
ory, because the HLLs-assisted backscattering is always
important. In conclusion, there are two physical mecha-
nisms for the positive magnetic conductivity. Firstly, the
long-range correlated disorder in x-y plane suppresses the
intra-Landau-level scattering in the ultra-quantum limit.
Secondly, the probability of the HLLs-assisted backscat-
tering is reduced by increasing the magnetic field.
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